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ABSTRACT. The aim of this paper is to investigate the implications of sto-
chastic correlations when pricing and hedging structured products written on
multiple assets. A wide range of multi-asset options have emerged in the last
years: rainbows, Himalayas, quantos, and spreads, just to name a few. The
trickiness in pricing and hedging these options mainly stems from the volatili-
ties of and pairwise correlations among their underlyings. For our analysis and
for the sake of practicality, we take the specific example of a three-color best-of
call rainbow option. We look at different pricing models both with constant
and stochastic variance-covariance structures; for the latter, we give special at-
tention to the multi-dimensional Ornstein-Uhlenbeck process, which has only
recently been introduced in the derivative pricing literature. We then proceed
to calibrate each model to data, perform sensitivity analyses, and determine
appropriate hedging strategies. The question we ultimately want to answer is
whether the introduction of stochastic correlations can lead to a model which
is both theoretically meaningful and practically usable.

1. INTRODUCTION

The aim of this paper is to investigate the implications of stochastic correlations
when pricing and hedging structured products written on multiple assets. We look
at different pricing models both with constant and stochastic correlations. We
then calibrate each model to data, perform sensitivity analyses, and determine
appropriate hedging strategies. To our knowledge, such an extensive analysis on
multi-asset products has not been carried out so far.

Correlations (as well as vol-of-vols) constitute primary market risks for a wide
variety of multiple-asset options which have been structured in the last years. Just
to name a few such products: Quantos, in which cashflows are calculated from an
underlying in one currency and then converted into payment in another currencys;
Himalaya options, in which the best-performing underlying is taken out of the
basket at specified sampling dates, leaving at the end just one underlying on which

Date: 30 September 2007.

Key words and phrases. Stochastic volatility; stochastic correlations; rainbow options; option
sensitivities; model calibration; hedging strategies.

MIRET PADOVANI, SWISS BANKING INSTITUTE, UNIVERSITY OF ZURICH;

E-mail address: padovani@isb.uzh.ch.

PAOLO VANINI, ZURCHER KANTONALBANK AND SWISS BANKING INSTITUTE, UNIVERSITY OF
ZURICH,;

E-mail address: vanini@isb.uzh.ch.

The authors are thankful for helpful comments and discussions to Aydin Akguen, Claudio
Albanese, Umberto Cherubini, Marc Chesney, Silvan Ebnoether, Peter Schwendner and all par-
ticipants of the Summer School on Frontiers in Financial Markets Mathematics in Bologna, Italy.

1



2 M. PADOVANI AND P. VANINI

the payoff is determinedﬂ Spread options, in which the payoff depends on the
difference between the underlyings. One large class of multi-asset options is that of
rainbow options, which essentially includes puts and calls written on the best- or
worst-performing among n underlyingsﬂ The pricing of all these products critically
relies on the choice of correlation structure. For the sake of practicality, our study
takes the specific example of a three-color best-of call rainbow option and focusses
on equity derivatives.

Multi-asset options typically represent a cheaper alternative to hedge a risky
position consisting of several assets, since trading only one rather than several
options involves lower transaction costs. Nonetheless and with those advantages in
mind, hedging multi-asset options poses great challenges precisely because of the
correlation structure. Correlation risk is tricky to manage: correlations are not
directly observable and relying on historical data could be misleading because of
large market fluctuations. This is to be contrasted with forex derivatives, for which
exchange rates are directly observed. Wystup (2002) illustrates how the correlation
risk associated with forex basket options can be reduced to volatility risk using the
interdependence of exchange rates; this, however, does not apply to other asset
classes.

Usual business practice when dealing with rainbow options is to take constant
correlation coefficients - and this despite empirical analyses unambiguously showing
that “there is no such thing as constant volatility and correlation” (Taleb 1998).
As proof of non constant correlations, we took monthly price data from Bloomberg
on three S&P500 stocks - GS, GE, MER - from July 2004 to December 2005 and
checked the correlation matrices for three subperiods of six months: despite the
shortcoming of historical data just mentioned, Table [1| clearly illustrates that cor-
relations among pairs of stocks can differ substantially from one semester to the
other.

A rainbow option is intuitively more valuable the lower the correlations between
its underlyings, because of a greater difference in the underlyings’ movements. As
correlations become negative and tend to -1, the option is guaranteed to be in the
money in at least one of its assets and option value increases. There are a few early
studies on the pricing of rainbow options given constant correlation coefficients.
Stulz (1972) illustrates the pricing of calls and puts written on the maximum or
minimum of two assets; whereas Johnson (1987) extends the results of Stulz to the
case of n > 2 assets. In a relatively more recent paper, Rubinstein (1995) collects
pricing formulas for a variety of rainbow options with constant correlations.

A few recent studies have taken the derivative pricing literature a step fur-
ther and beyond constant volatilities and correlations. One line of research defines
the covariance matrix as following a multi-dimensional Ornstein-Uhlenbeck process
(Barndorff-Nielsen and Stelzer 2006; Pigorsch and Stelzer 2006). In a similar fash-
ion, another equally recent line of research takes the multidimensional variance-
covariance process as a superposition of Ornstein-Uhlenbeck processes; i.e. the
variance is defined through a number of factors each having Ornstein-Uhlenbeck

1Overhaus (2002) discusses the importance of volatility and correlation in the pricing and
sensitivity analysis of Himalaya options.

230me authors employ the term ‘rainbow option’ to define virtually any option written on
multiple underlyings. See, e.g., Wilmott (2006).



GS GE MER

GS 1.0000 0.8164 0.9317
GE 0.8164 1.0000 0.6506
MER 0.9317 0.6506 1.0000

July 2004 - Dec 2004

GS GE MER

GS  1.0000 -0.8626 0.5791
GE -0.8626 1.0000 -0.3048
MER 0.5791 -0.3048 1.0000

Jan 2005 - June 2005

GS GE MER

GS 1.0000 0.1087 0.9754
GE 0.1087 1.0000 0.2814
MER 0.9754 0.2814 1.0000

July 2005 - Dec 2005

TABLE 1. Correlation matrices for GS, GE, MER from July 2004
to December 2005

(one-dimensional) dynamics (Hubalek and Nicolato 2007). This paper is a contri-
bution to this line of research.

The remainder of the paper is organized as follows. In Section 2, we address the
pricing of a three-color best-of call option. We initially adapt pricing formulas for
best-of rainbow options derived by Johnson (1987); we then proceed to price the
option in the multi-dimensional Ornstein-Uhlenbeck case. In Section 3, we ana-
lytically compute and interpret option sensitivities, especially the deltas, gammas,
cross-gammas, vegas, and correlation vegas. We then proceed to calibrate the mod-
els to data and determine hedging strategies for each model in Sections 4 and 5,
respectively. We draw our conclusions and outline future research ideas in Section
6. Our aim is to check which model performs better and to quantify the tradeoff
between applicability of a model and its theoretical meaningfulness. It is common
wisdom in finance that models need to be sufficiently simple to be implementable,
yet they also need to mirror observed data as closely as possible. Introducing in-
creasing degrees of randomness in a model increases the number of parameters to
be estimated and may make the model somehow prohibitive. Ultimately, the ques-
tion we want to answer is: Can the introduction of stochastic correlations lead to
a model which is both theoretically meaningful and practically usable?
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2. PRICING “BEST-OF” RAINBOW OPTIONS

We take the specific example of a call option written on the best-performing of
three underlying assets. The option’s payoff is given by

max[0, max(St, Sa, S3) — K],

where S;,i = {1, 2,3}, denotes the price of the ith underlying asset and K denotes
the strike price.

The following subsections consider the cases of constant correlations and of sto-
chastic correlations stemming from Ornstein-Uhlenbeck-based variance-covariance
dynamics.

2.1. Pricing “best-of” rainbow options with constant correlations. The
risk-neutral dynamics of the three-component vector, S; € R?, containing the prices
of the underlyings are given by

% = rlzdt + /2, dW/7, (2.1)

t

where r € Rt is the risk-free interest rate, I3 € R? is a vector of ones, and ¥; is
the 3 x 3 variance-covariance matrix. In this subsection, the variance-covariance
matrix does not change over time, so that

2
251 P120102 P130103
oy 2
Yy=YX=| p20102 o3 p230203 |,
2
pP130103  P230203 o3

where o7 is the variance of the ith stock price, p;; is the correlation between assets i
and j, and p;;0;0; is the covariance between assets ¢ and j. In the next subsections,
the variance-covariance matrix will be set to change over time according to some
dynamic processes.

A valuation formula for a call on the maximum of n risky assets with strike
price K and maturity date T has been derived by Johnson (1987). We adapt this
valuation formula for the specific case with three risky assets. The pricing is done
at t = 0 and no dividends are paid out.

The price C of the three-color best-of call is therefore

C = S1N; (dl(shK=U%)7d?(5hSZaU%Q)vd?(Slv5370%3);P112,P1137P123)

+52 N3 <d1(52, K,03),d;(Ss, S1,0%,), d)(Sa, S, 033);0212,0213,,0223)

+S3 N3 <d1(53,K7 U%),d?(s?n517053%d?(s?n52,033)§P312,ps13,p323)
—Ke " [1 = N3 (—do(S1, K, 07), —da(S2, K, 03), —da(S5, K, 03), p12, p13, p23) ] ,



where the superscript b indicates that the interest rate is set to zero, N3 denotes
the multivariate normal cumulative distribution function (cdf) with n = 3,E|

2
log & + (r + %) T
O'Z'\/T ’
o2
log(gH) + 5T
O—ij\/T 7
2
log ¢ + (r - %) T
O'i\/T ’

dl(SZ‘,K, 022) =

dg(s’ia Sj7az'2j) =

dg(Si,K, 0‘12) =

0i — Pij0j
Piij = ——
Oij
2
_ 0 — Pij0i0j — PikTiOk + Pjk0;0k
Pijk = ’
0ij0ik
and
2 _ 2 2
0 =0; = 2pijoi0; + 0. (2.2)

The summands in the formula above have an analogue interpretation to that
in a Black-Scholes framework: each of the first three summands represents the
discounted expected benefit of owning the option when either one of Sy, S5, S3 is
the highest-performing stock; the fourth summand is the discounted expected cost
of owning the option.

2.1.1. Upper and lower price bounds. In analogy with vanilla call options, the upper
bound for the price of a best-of call is given by the maximum of the current un-
derlying prices. The lower bound is given by the difference between the maximum
underlying price and the discounted strike price. Arbitrage considerations and our
numerical computations confirm these bounds.

2.2. Pricing “best-of” rainbow options with stochastic correlations. A dy-
namic process recently introduced in the literature to randomize both volatilities
and correlations in a multi-asset framework is the multivariate Ornstein-Uhlenbeck
process driven by a Lévy subordinator (Barndorff-Nielsen and Stelzer 2006; Pig-
orsch and Stelzer 2006). In this case, stochastic correlations may be accounted
for by taking the subordinator to be a compound Poisson process with Wishart
jumps (Stelzer 2006). The idea would be to derive a multivariate extension of
the Barndorff-Nielsen and Shephard (henceforth BN-S 2001) stochastic volatility
model and applied to derivative pricing by Nicolato and Venardos (2001). How-
ever, no study to date has proved the applicability of the model to price multi-asset
derivatives in closed form.

3As there is no closed-form solution for the multivariate standard normal cdf, a numerical
approximation is called upon; statistical software such as Matlab incorporate such approximations.
When pricing derivatives with n underlyings, the n-variate standard normal cdf needs to be
approximated and the approximation will become less exact as n increases, hence hindering the
quality of the corresponding pricing formulas. For a discussion on the use of such approximations
in derivative pricing, see Haug (2006), Ouwehand and West (2006), and West (2005).
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2.2.1. Multi-dimensional Ornstein-Uhlenbeck covariance matriz. In what follows,
S; has the same dynamics as in It will be useful to apply Ito’s lemma and
derive the dynamics of

dlog S; = (rls + X,0) dt + /2, dW/?, (2.3)

with the same notation as above. The variance-covariance matrix is no longer
constant, but follows a multivariate Ornstein-Uhlenbeck process driven by a matrix
subordinator L;:
d%, = AXdt + dW,. (2.4)
The solution to the SDE is given by
t
¥, = ey + / AU g,
0

We take W, as a matrix Brownian motion, whereas Barndorff-Nielsen and Stelzer
(2006) take a matrix subordinator L, defined as a compound Poisson process with
intensity A (see Barndorff-Nielsen and Perez-Abreu 2006). To allow for stochastic
correlations the subordinator may be a compound Poisson process with Wishart
jumps. The solution to

dL; = ~vdt + / zp(dt, dz)
5§ {0}

is

t
Ly :’yt+/ / zp(ds,dz)
0 Js3 {0}

where p € S;f is a deterministic drift, Sg“ denotes symmetric positive semidefinite
3 x 3 matrices, and p(ds,dz) an extended Poisson random measure.
We have

T T
logSr = logStJr/ (r+ﬂEs)ds+/ VI AW S
t t

T
= logSi+r(T —1t)+pE; r + / V2 dWs,
t

where ¥ 1 is the integrated volatility, i.e.
T T
fro= / $.ds = —A~! (1 - eA<T—t>) 7, — A—l/ (1 - eA(T_3)> L,
t t

T
— T TS, + / (s, T)dI,
t
With matrix A chosen in such a way to preserve positive-semidefiniteness: The
matrix-analogue is solution to the SDE
Ay, = (A%, + 2, A4")dt + dW,
and is given by
t
Y, = eAtEOeA/t +/ eA(tfs)dWSeA/(tfs).
0
Note that with n = 1 the system of equations (??) and (2.4) simplifies to:
dlogS; = (r + Baf) dt + o, dWy,
do? = —\oZdt+dW,,
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which is the Barndorff-Nielsen and Shephard (2001) model applied to derivative
pricing by Nicolato and Venardos (2003).
Laplace transform of log-prices (with pricing at ¢t = 0):

U(z) = Elexp{zlogSr}]

T
E |exp{z’ (logSo +uT + 'S + / Eg) }]
0

In the following, we assume W and A diagonal (so A = A’); therefore,
U(z) = E [exp{za—l—z/\/de}}
E [exp{za}| E [exp{z/\/de}] ,

where
T T t _
/ VEAW = / / eAlt=3) AW eAlt—)dW
t t —00
T t _
- / / A=) AT, IV
= / ,/ A AW, dw
LU Altawitaw 0 0
= 0 L5 AZ2awzzaw 0
0 0 L5 ABBawEsaw
[...to follow ...]

Baker-Campbell-Hausdorff formulae. Given a matrix A, define:
oy
k!
k=0

Also, given another matrix B:

By =Byt =} By
k=0 "
when ¢ = 1, then
|
A —A _
e Boe = Z k}'Bk
k=0

Formula for the general case in which the two matrices do not commute:

oAeB — oZ
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where Z is a series, whose first terms are

z1 = A —+ B
1
1
23 = E(A?B + AB* —-2ABA+ B*A+ BA*> - 2BAB)
In more specific cases, if [4, [A, B]] = [B, [B, A]], then e?e? = eA+Besl4Bl: and if

also AB = BA, then ede? = eA+B. (Note: [A, B] = AB — BA, hence [A, [A, B]] =
A’B + AB? — 2ABA.)

2.2.2. Superposition of one-dimensional Ornstein- Uhlenbeck processes. Alternatively,
one may model the covariance matrix from a set of n idiosyncratic and k& common
factors. The covariance matrix is then specified as

Se=1L+AJA,
where
Iy = diag(sm,t, ceey SOn,t)

Jo = diag(entits - Prthit)
A e R™F is the factor loadings matrix

Each factor follows a (one-dimensional) Ornstein-Uhlenbeck process:
dpis = —Apidt + dW,

[...to follow ...]

3. SENSITIVITY ANALYSIS

Following the pricing functions discussed in the previous section, we perform a
sensitivity analysis in order to check how option prices change as parameters or
variables changeﬁ We are especially interested in correlation vegas. This will be of
fundamental use when determining appropriate hedging strategies in Section 5.

3.1. Option sensitivities with constant correlations. The greeks we consider
for the constant correlation model are the deltas,

oC
08,

1 1 1
- -
O'i\/T Uij\/T O'ik\/T
Sk
— Ni(dpre, dys dy ) ———=
3( kK O kj)SiUik\/T

= Na(dix, d};, d3y) + Ni(dixc, 3, d3y)

Sj
SiO'ij\/T
~Ke " Nj(da ik, do K, dopxc)

_Né(d]Kv d?m d?k)

1

ma (3.1)

4According to the model at hand, volatilities and correlations will be defined either as param-
eters or variables.



the gammas,

92C

1 1 1

37512 = Né(diK;dZ?d )[
AN (digc, d}, d2,)

NN( J K djl’ d]k)

+N/l(d’€K7 dkz’ dk])

~Ke "N (da,ixc, d2,jxc, do k1)

+Ke ’TTN3(d2 ik, d2 i, do kK )

the cross-gammas,
0%C
08,08

= —Ni(dik,d

_Né/(dlK, dl;w d )

_Nf;/(de7 d?wd )

_Né(deadgwd )

+N”(dkK7 dkza k])

~Ke "IN} (daixc, do jxc, do i)

the vegas,

oC
802-

= S Ni(dix,d};, d})) =

+85 Ni(djxc, dy, dy )~

+Ke "I NG (dirc, do i, do i)~

and the correlation vegas,
oC
dpij

— S NId

0;0;
+S N/< JEK ?]Jrl’dszr?)\/T(ai_ J)

+ +
SioiNT — Sioi; T SioaVT

520 2T

S202T

1 1 1

1 1

1

+ +

SioiNT — Sioiz; VT SiouNT
Sj

S?U‘ij\/f

Sk
+ N (s, oy, d
3( kK k kJ)SZO'Zk\/»

+N/( jKﬂd]27d )
Sk

1
S2a?T

1
S? oiVT'

1
SjO'ij\/T
1

bd)

170

1 1

+ +
O'i\/T Uij\/T

1

SjO'ij\/T

1 1 1

+ +
Ui\/T Uij\/T Uz‘k\/T

1

Uj\/T+ Uij\/T+ Uj/c\/T
1

Siaij\/T

1 Sk

S; Ujkfs O—zk\/i
1 1

SjO’j\/T SiO'i\/T7

VT (1 L s pik0k>

Oij Oik
ﬁa-_p-jaj
R 0 g RN o) "(d ,d &
5 p + Sk N3(drx, dy;, di;)
VT
2 )

= 0;0;
1K zz+17dzz+2) T<Uj - )

Jij

Uij

~Ke "INy (dyixc, da jic, do wx )WT (03 + o).

SiO'ij\/T

(3.3)

@ 0; — PikOk
2 ik

(3.4)

oaT

(3.2)



10 M. PADOVANI AND P. VANINI

Appendix B illustrates detailed calculations for each one of these sensitivities.
Note that the greeks above make use of the triviate standard normal probability
function,which is given by

1 dy do ds 1 1
e |||t e,

with
1 p12 pi3
X=1| pi2 1 po23
p1z p2s 1

3.1.1. Deltas. Equation estimates the sensitivity of the option price to changes
in the price of the ith underlying, ie the delta wrt the ith underlying. This gives
a 3-component delta vector. In this case, we cannot simply recur to Euler’s ho-
mogeneous function theorem and state that % = N3(d;ik, dgj, d?k). If we did, we
would subsequently get incorrect calculations for the gammas and cross-gammas,
since the equivalence % = % would not subsist

For pure illustrative reasons, we may compare this delta to the usual formula
obtained within a single-asset Black-Scholes framework: in the present case,
shows that one gets further components based on the relative performance of asset
i compared to the other underlying assets. These additional terms appear with a
minus sign, since the presence of additional underlyings makes the impact of one

specific underlying on the option price less dominant:

oC
0S;

A; = = [Black-Scholes]; — Y " N3 (djx,d} ;41 d} ;45) S J (3.6)

iUij\/T .
Furthermore, suppose a (long) call option is deep in-the-money in Sy; then A;
becomes larger, whereas A, and Ag are very close to zero. These deltas get even
more polarized as the volatility of S; decreases or as the option approaches maturity.

Jj=1

3.1.2. Gammas and cross-gammas. Equation estimates the sensitivity of the
delta wrt the ith underlying to changes in the price of the same underlying, ie the
(individual) gamma wrt the ith underlying. Equation estimates the sensitivity
of the delta wrt the ith underlying to changes in the price of the jth underlying,
ie the cross-gamma wrt the ith and jth underlyings. For a rainbow option with
three underlyings, we need to compute three individual gammas and three cross-
gammasﬂ This gives a 3 X 3 gamma matrix.

It is interesting to note that a long position in a best-of call has positive gammas
but negative cross-gammas. Intuitively, these measures are relevant for at-the-
money options: as S; increases, A; increases but A; decreases. We may interpret
cross-gammas as a measure of the stability of A; as other underlyings’ prices in-
crease.

Nevertheless, we believe cross-gammas are more interesting to look at when
hedging, say, spread options, rather than best-of or worst-of options. For the latter
type of options, only the best- or worst-performing underlying affects the payoff,

5According to Euler’s homogeneous function theorem, if f(Az1,Az2,Az3,Az4) =

Af(x1,z2,x3,24) for any constant A, then f(z1,x2,23,24) = 21 Eicfl + xo gfo + x3§—xf3 + z4§—£.

6More generally, a rainbow option with n underlyings would have n(n + 1)/2 gammas given
22f _ 9%f
dxzdy ~ Oydz”

Schwartz theorem that
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regardless of any difference between the underlyings’ movements; in our opinion,
this makes cross-gammas less meaningful.

3.1.3. Vegas. Equation estimates the sensitivity of the option price to changes
in the volatility of the ith underlying, ie the vega wrt the ith underlying. This gives
a 3-component vega vector. A long position in a best-of call has positive vegas, since
higher price volatility for any one of the underlyings means a greater probability
for the option to expire in-the-money.

Here again, we may compare with the single-asset Black-Scholes vega, which

leads us to equation ({3.7)):

oC

5o = [Black-Scholes]; + Y 8 N (A, 5 41,5 512) VT BP0 (3.

04

Jj=1

Although the additional terms in appear with a plus sign, we cannot state
that we get higher vegas than the usual Black-Scholes framework, since the signs of
these terms depend on the correlation coefficients. At first sight, it would seem that
the vegas wrt the ¢th and jth underlyings are positive when the two underlyings
are negatively correlated; however, it is in reality very difficult to disentangle the
effects of the volatilities from those of the correlations.

3.1.4. Correlation vegas. Equation estimates the sensitivity of the option price
to changes in the correlation between the ¢th and jth assets, ie the correlation vega
wrt the ¢th and jth underlyings. This gives a 3 x 3 triangular correlation vega
matrix. As discussed above, best-of rainbow options are more valuable the lower
the correlations among their underlyings; hence, we expect to derive negative cor-
relation vegas. However, the sign of this greek is not straightforward to determine
and being long or short correlation appears to depend on the intial values of the
correlation coefficients. Negative correlation vegas would be guaranteed when

0i0; 0i0;
(aj— l]><0 and (Ui—”><0;
Oij Oij

but these conditions are never satisfied contemporaneously. Given the large number
of parameters in 7 numerical computations are of greater help in understanding
this greek’s direction. Our numerical computations show that correlation vegas vary
widely for different starting correlation coeflicients, p;;, pix, and pji. A couple of
examples are presented in Figures [I] and [2] below. Figure [I] shows that when all
three correlations are positive, correlation vega is negative; hence, an increase in pi2
leads to a decrease in option price. Different starting values of p12 lead to different
correlation vegas. Figure [2| shows that when p;2 is negative, but the other p’s are
positive, correlation vega turns positive for higher values of po3. The dependence
of % on not only p;; but also p;; and pj; will be important when identifying
appropriate hedging strategies.

3.1.5. Other sensitivities. We may also calculate the volga matrix (or DVegaDVol)
of a best-of call option. The holder of this option would be long both volgas and
cross-volgas: greater dispersion among underlyings’ movements translates into a
higher probability of the option expiring in-the-money in one of its underlyings.
Moreover, our numerical computations show that a long position in the best-of call
has negative theta, so that the option becomes less valuable as time decays, and
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FIGURE 1. Variation of correlation vega % for different initial
values for p1p. Other starting values are S; = 100, Sy = 120,
o1 = 0.2, 090 =025 03 =03, 7r=005T-=1, pj3 = 0.3 and
p23 = 0.6.

has a positive rho, so that an increase in interest rates makes it more favorable to
hold the option than to buy the stock.

3.2. Option sensitivities with stochastic correlations. |...to follow ...]

Note that the pricing formula of the rainbow option with the Wishart volatility
dynamics involves a multidimensional complex integral. It has been suggested to
me to try and compute the greeks via Malliavin Calculus. .. I will try and give it a
month, then -if unsuccessful- I will finally opt for a numerical method. . .

4. MARKET CALIBRATION

[...to follow ...]

4.0.1. Data. In this paper we make use of data from Bloomberg ranging from. . . to... We
take prices of rainbow options on three underlyings, together with time series of
the underlyings’ prices.
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o1 =0.2,00 =025 03 =03, r=0.05, T =1, pjo = —0.3 and
p13 = 0.3.

4.0.2. Methodology. Estimate model parameters by minimizing the difference be-
tween market prices and model prices in a least-squares sense. Compute several
global measures of fit:

Root mean square error:

Z (market price — model price)?
rmse =
number of options

Average (absolute) percentage error:

1 market price — model price
ape = Z | p price|

mean option price number of options



14 M. PADOVANI AND P. VANINI

Average absolute error:

arket price — model price
e — Z |market pri m price]

number of options

Average relative percentage error:

1 |market price — model price|
arpe = Z

number of options number of options

4.1. Model calibration with constant correlations. [...to follow ...]

4.2. Model calibration with stochastic correlations. |[...to follow ...]

5. HEDGING BEST-OF CALL OPTIONS

Correlation risk is of interest not only for option pricers, but also for traders who
need to hedge their positions in multi-asset derivatives. The aim of this section is to
find the optimal hedging strategies from the perspective of those holding rainbow
options. They face the trade-off between the insurance obtained through hedging
and the costs incurred by such insurance and the questions they face are which
particular sensitivities to minimize and at what frequency to hedge.

5.1. Hedging with constant correlations. The greeks discussed throughout
Section 3 guide us through our choice of ways to hedge a three-color best-of call
option. The complexity encountered when hedging rainbow options with constant
correlations should serve as a preview of further complexities to be dealt with when
including stochastic correlations{’|

5.1.1. First- and second-order underlying asset risks. The first-order underlying
risks are represented by the delta vector. As all three components of this vector
are of positive sign, the first-order underlying risks can be minimized by selling
shares of each underlying by an amount equal to the corresponding delta. The
second-order underlying risks are, instead, represented by the gamma matrix and
are more complex to deal with. The diagonal elements of the gamma matrix can be
neutralized with stock and vanilla options, whereas the non-diagonal elements (i.e.
the cross-gammas) require the use of other multi-asset options. Note that adding to
one’s position other multi-asset options will affect position correlation vega, which
would then require additional hedging instruments if it is, too, to be minimized.

5.1.2. First- and second-order wvolatility risks. The holder of best-of call is long
vega, so that the first-order volatility risk can be minimized by selling(buying)
traded options with positive(negative) vegas. Here again, second-order risks require
a more involved strategy. The diagonal elements of the volga matrix with stock and
vanillas; non-diagonal elements (ie cross-volgas) with other multi-asset options. As
in practice not all risk exposures can be addressed because of transaction costs and
other practical issues, we may leave volga risk aside without loss of . ...

7As multi-asset options may differ substantially one from the other, no one-size-fits-all hedging
strategy can apply. For hedging issues related to multi-asset options other than rainbows, see, eg,
Overhaus (2002) for Himalayas and Fengler and Schwendner (2006) for baskets.
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5.1.3. First-order correlation risk. Exposure to correlation risk is rather cumber-
some to deal with, since position correlation vega changes as cross-gammas (and
eventually cross-volgas) are neutralized through the use of multi-asset traded op-
tions. It is also quite difficult to disentangle correlations from volatilities, as illus-
trated in the previous section. Thirdly, an annoying factor remains that correlations
are not directly observablef

5.1.4. An exemplifying hedging strategy. The aim of this subsection is to draw light
on the intricacies associated with hedging correlation-based products. We outline
a possible strategy based on the greeks we have computed and discussed so far. In
this example, we consider a delta-gamma-vega-correlation vega-neutral strategy.

If all underlyings belong to the same index, the investor may consider hedging
her correlation risk by selling or buying an index option. The index option is typi-
cally less volatile than options written on the individual components; however, the
investor will expose herself to new macroeconomic risks. Alternatively, correlation
swaps have allowed banks in the last years to hedge part of their correlation posi-
tions. These are forward contracts on the realized correlation of bespoke baskets
(rather than indices).

An exemplifying hedging strategy for a three-color rainbow option makes use of
a total of fifteen instruments: three stocks, six vanilla options, and six multi-asset
options. It is easy to see that as the number of underlyings increases, the ideal
number of hedging instruments grows immensely. Furthermore, up to this point,
we have totally ignored any costs associated with the transactions: these costs
can become burdensome enough to hinder appropriate hedging of the investor’s

position.
[...to follow ...]
5.2. Hedging with stochastic correlations. [...to follow ...]
6. CONCLUSIONS
[...to follow ...]

8We thank Umberto Cherubini for pointing out an interesting rule-of-thumb to check whether
the buyer(seller) of a multi-asset option is long or short correlation: the buyer(seller) is long(short)
correlation if the option’s payoff is defined on the “and” operator; vice versa, if the options’s payoff
is defined on the “or” operator. Nevertheless, we believe that the dependence of correlation vegas
on initial correlation coefficients does not always allow for such a simple rule-of-thumb.
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APPENDIX A. SENSITIVITIES

Let C denote the price of the three-color best-of call option:
C = Si1N3 <d1(517K, U%)yd?(shSzaU%z),d?(sh537053)»/)112,/)11370123)
+S2 N3 (dl(Sz,[C Cf%),dg(SQ,517052)7d?(SQ,53,033)70212,17213”0223)

+S3 N3 (d1(537K7 U%),d?(s?n517053),d?(s?n52,033)7/)312&313,0323)
7KeirT [1 7-/\/3 (7d2(S17K7 J%)a 7d2(S2’K7 J%)a 7d2(S37K7 0-?2,)31012;/)137p23)] )

with
log 5: )1
og?lJr(rJrj)
di(Si, K,0?) = ,
15 K o) T
g%+ (r— %) T
dQ(SiaK701'2): £ : )
) O'i\/T
log St 1 %4
og &+ 74T
di(Si, Sj,0%) = —2—=—,
O’ij\/T
and

2 _ 2 P 2
0, =05 —2pijoi05+0j.

A.1. Deltas. We may first rewrite the price of the option as the following cyclical
sum (so that s1, Sa, S3, 84 = S1, 85 = S2,...):

3
C = ) SN (d1(5j7K70?)»d?(5j75j+17%2-)7d?(sjvsﬂz,af)mj)

j=1
—K exp{—rT} [1 — N3 (=da(S1, K, 07), —da(Sa, K, 03), —d2(S5, K, 03), 12, p13, p23) |
According to the chain rule, the derivative of g = f(u(x,y),v(x,y)) wrt x is
given by
dg Of0ou Of Ov
dr  Oudr ' v ox
Application of the chain rule to the pricing formula gives

% _ N3 + Sl 8./\[3 8d1(Sl,K, 0’%) 8/\/'3 8(1?(51,52,0’%2)
8S1 8d1(Sl,K, O'%) 851 8dg(51752,0'%2) aSl
N ON; od (S, Ss, 0%5)
8dﬁ(51,53,af3) 851
+5, NG ad’ (Ss, Sy, 02,) i NG o (S3, S1,023)
9d3 (52, S1,0%,) 95 ad; (S3, 51, 0%5) 951

ON3 ddy(S1, K, 0?)

- K —rT
¢ Bdy(S, K, 02) 05,
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Hence,
oC 19) 1 19) 1 19) 1
o = M+ S Ny 2 T o M 2 T o M 2
05, 9d1 (51, K,07) Sy00V/T — 0d5(S1, S2,0%,) S101oVT  0di (S, 83,0%3) S1o13VT
ON3 1 ON3 1

-5, - S
2565?(52751,0%2) S101oVT ’

ON; 1
8d2(51, Ka 0—%) 510'1\/T.
We may simplify the notation with

dix £ dl(SiaKa 01'2)3

8dg(S3a Sl) 0%3) 510'13\/T

_Ke—rT

doix = da(S;, K, 02),

YRR

and denote by Nj(d) the total derivative of N3(d) (i.e. N} is the multivariate
normal pdf); therefore:

oC 1 1 1
— = Ni(dig,d}y, &) + SIN(dikc, &, & [ + + }
o5, 3(dir, dig, di3) + S1N3(dik, diy, di3) SovT | SioavT | SioavT
1 1
— Sy Ni(dog, dyy, dyg) ———— — Sy Ni(dsxe, dyy, dy) ————
2 3( 2K, W21 23)51012\/T 3 3( 3K, W31 32)51013\/T
1
—Ke " Ni(doaxc, do ok, d _—
3(do, 1k, d2 2K 2,3K)Slalﬁ
1 1 1
= Ns(dig,dy, d3) + Ni(dig, d) ,dbf){ + + }
1 125 %13 3 125 %13 0'1\/T 0'12\/T 0_13@
SQ SS
—Ni(dage, dyy, dyy) ———— — Ni(dsg, dyy, dby) ————
3( 2K, W21 23)51012\/T 3( 3K, W31 32)51013\/T
1
—Ke "I N3(do 1, doorc, d — Al
3(da 1k, do 2K 273K)S101\/T (A1)
where
1 1
Ni(d) = ——ex {— d— )2 Yd - }
3(7) (2’”)% ‘Eﬁ P 2( M) ( /’L)
Analogously, the delta wrt the second underlying is
oC S1
- — 7Nl d ,db ,db -+
DS, 3( 1K, %12 13)52012\/T
+Ns(dage, dyy, dys) + Ni(dage, ) d"){ L 1 }
) 21y Y23 3 ) 21y Y23 0_2\/T 012\/T 023\/T
S3
—N3(dsge, dbyy, diyy) ————
3 315 @32 Sy003v/T
1
—Ke " Ni(doixe,do ok, d S A2
3(do 1k, do2K 2,3K)520_2\/T (A.2)

We believe this cannot be simplified by use of Euler’s homogeneous function
theorem, since we would otherwise get incorrect results for the gammas and cross-
gammas.
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We may compare these deltas with the usual delta obtained in the Black-Scholes
single-underlying framework:

oC 0

_ Y _ —rT
a5 = pglSN (di(S.K)) — K™ TN (do(8, K)]
B AN Ody AN Ods
= N + Sd—dl@ — Ke didgﬁ
_ Lo A (A.3)

hnd I e ’
ddi ovT SovT dds

where it can be shown that the last two summands cancel out by applying Euler’s
homogeneous function theorem, so that A = N (dy).

Comparing with , we see that the delta of stock 1 has two components:
the first component is the usual result obtained in a Black-Scholes framework if only
the first asset were included, while the second component is performance-related:

oC So Ss3
—— = [Black-Scholes]|; — N (dag,dyy, o) ———— — Ni(dsxe, doy, diy) ————
95, [ J1 — N3(daxk, d3, 23)51012\/:7 3(daxc, d3, 32)51013\/T
Following the same procedure, it can be shown that
oC S S3
—— = [Black-Scholes]s — Ni(di g, d o, d?s) ——2—— — N(dsgc, dby, dlhy) ——
85’2 [ ]2 3( 1K, %12 13)52012\/T 3( 3K, W31 32)52023\/T
oC S1 S
—— = [Black-Scholes]s — Ni(dix,dy, d}5) ———— — Ni(dage, dby, dbg) ————
95, [ ls = N3(dik,diy 13)530—13ﬁ 3(dark, d, 23)53023\/:7
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A.2. Individual and cross-gammas. Calculating the gamma wrt the first un-
derlying from (A.1)), we derive

0°C - (8/\/3 Odig  ON; 8d‘12 ON3 8d§3>
053 Odix 05, (’)dﬁ2 051 8d§3 051
(a/\/g odix  ON3G Ody,  ONG ad23> { LS S |
8d1K aSl 8dq2 651 8dg3 851 01\/T 0'12\/T 0'13\/T
ONG Ody, Sy b Sy
— + N3(doge, doy, doyg) ————
Bdgl 051 S1019VT adarc. day 23)5%012\/T
NG od%  Ss , b b 53
_ + Ni(dsg,dbq, dio) ———=
8d%1 851 510'13\/T 3( 3K W31 32)5%0’13\/?
_ ONY 8d21K 1 _ 1
—Ke "7 23 ’ + Ke " N3(do a1k, daore, d B
ddaax 0S1 SyoVT 3(dairc, daorc 2’3K)Sl201\/T
1 1 1
= Ni(dig,dy, [ + - }
3( et 13) 5101\/T 510’12\/T 51013\/T
1 1 1 1 1 1
+NF (dusc, dig, 5 >[ + + } { + *
° 12 5101\/T 510’12\/T 51013\/T 01\/T 012\/T 013\/T
1 52 52
AN (doge, dby, diys) + Ni(dase, diy , dyg) ———=
3( 210728 Su)’m\/TSﬂTuﬁ s 2 23)5%012\/T
1 S Ss3
AN (dsge, dby, dBy) + Ni(dsre, iy, djy) ———=
3( s se 51013\/TS1013\/T ° o 32)55‘713\/?
1 1 1
—Ke "TNY (do 1k, do ok, d + Ke " N3(do i, da ok, o3k ) ———=
3 (d21k,do2K 2,3K)5101ﬁ5101ﬁ 3(d2 1k, do oK 2’3K)S%01\/T
1 1 1
= MN(dig,d,,d. [ + + }
sl diz. diy) S101VT  S1012VT — S1013VT
1 1 1 1 1 1
+ NG (duse, iz, df >[ + + } [ + +
3 P S 0VT | S101aVT | SiosVT) LonvT — 01oVT  013VT
SQ SQ
AN (doge, dyy s dys) = + Ni(doxc, doyp, dbyg) —————
3( 2K, A9 23)5120%27-, 3( 2K, 421 23)5’%012@
AN (dsse, dbyy, dy) —smo— + N (dsse, dfy, dy) ———2——
3( 3K, a31 32)5120%37-, 3( 3K, W31 32)5’%013@
1

el 1 -7
—Ke TNé/(d2,1K;d2,2K,d2,3K)W+Ke TNé(dQ,lKadQ,ZKadQ,SK)W-
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Calculating cross-gamma from , we derive
9*C ON3 Ody  ONG Odyy [ 1 1 1
0510855 - 8d?2 05s adbu 08y | oVT * o12VT * 013\/T:|
B [( ON} ddax N ONG odsy, — ONG adg3> S A 1 ]
ddo 0Sy  Odyy DSz Ddyy 952 ) Sio1oVT ° S1009VT

_6/\@ od5, Ss Ko T ONG 0ds 2k 1
3d§2 052 Sy013VT dda ok OS2 Syo0VT

= Nyl i i)
—Né’(d1K,d§2,d?3)520112\/T [0’11/7 " 0121\/T * 0131\/T]
- Nél(dQK’dgl’d%) {Szﬂiﬁ " Szo’llzﬁ " 520213\/T} Slafj\/T
+ Nl i) g
+Né/(d3K7dgl,dgz)520213\/T Smii)\/f
KeTTNéI(d2’1K7d2’2K7d2’3K)5202\/?5101\/?

= Nyl i i) o
_Né/(dlmdzz,d?g)szaiﬁ [Ui/T " 0121\/T * 0131\/T]
_Né/(dQK’dgl,dgg) L';/T " 0121\/T " 0231\/T} 510112\/T
_Né(d2K,d;17dgs)Sloll2\/T
JrNé,(dSK’dgl,dgﬁSzU;\/T SlUij\/T

1

1
—Ke "' N (do1k,dook,d )
3( 2,1K, W2 2K 2,3K> 5202\/T5101\/T
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Calculating cross-gamma from (A.2)), we derive

”*c Kaj\@; ddix ~ ON3 ody,  ONj ad';3> Si ! ]
95,05, Odik Sy ' ddyy 081 ddyy 051 ) Spo1oVT T Sa00VT
ON3 0db, a/\/gadgl[ 1 N 1 N 1 }
3d51 951 adg1 951 LlooVT — 012VT  093VT
_6./\@ 8d'§1 S3 Ko T ONj Oda 1k 1
Od3y 051 Sy003VT Ody1kc 081 Syoo/T
1 1 1 S
= — N (dig,d}y, ] { + + } L
[ s (e di, dig) S101VT  S1012VT — S1013VT ] Sa012VT
1
+ Ni(dig, d’y, d5- ]
3( 1K, %12 13)520‘12\/?
1
—Ni(dage,dyy, dy) ————
3( 2K, W21 23)51012\/T
1 1 1 1
~ N (dagc, dy, db [ + - ]
3(2K 2 23)51012\/T 02\/T 012\/T 013\/T
1 S3
+N"(d ,db ,db
3( S ta 32)51013\/732023\/T
1 1
—Ke "IN (dor i, dookc,d
3 (d21k,d2 2K 2,3K)5101\/T5202\/T
1 1 1 1
= —N{(dig,d}y,d; [ + + }
3 (e di, dig) oVT — 01oVT  013VT ] Se012VT
1
—N3(dise, dg, dig) ——=
3(dik, diy 13)52012ﬁ
1
—Ni(dosc,dyy, dbg) ————
3( 2K, W21 23)51012\/T
1 1 1 1
—N!"(d ,db ,db [ + + ]
3(2K 2 23)51012\/T Jzﬁ 012\/T 013\/T
1 S3
N (d ,db ,db
3( S 32)51013\/T52023\/T
1 1
—Ke "' N (do1k,dook,d )
3 (d21K,do 2K Q’SK)Slam/TSQUQ\/T

9%C Sl

95,055 = 95,05, confirms our results.

The equivalence
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A.3. Correlation vegas. Sensitivity of option price to correlation, e.g. pia:

ac [aj\/?, B NG adﬂ " [a/\/g, ddore N Ol
Opi2 ! Odig Op12  Od’y Op12 ? ddag Op12  Odb, Op12
ON3 ddy 1k ON3 3d2,2K}
O0da, 1k Op12 O0ds ok Op12
_ s [a/\/3 ddix 0o} N ON 0d3, aafg]
8d1K (90'% 8p12 3d?2 80'%2 8p12

7K67TT |:

8 {a/\/g ddyi 003 ON3 ddby, 30%2]
?|0dorc 003 Opr2 | Odb, 0%, Dpra
KerT|: aNS 8d2,1K 80% + aNg 8d272K 80'3:|
dda 1k 0o} Op12  Odaox 003 Opio
VT VT
= S1Nj(dig,diy, dig) [4(20102)+ (—20102)
o1 4012
VT VT
+52Né(d2}(7d517dz3) [%(20102) + 101 (—20’10’2)

_ VT VT
—Ke TTNé(d2,1K, do ok, do3k) | —(20102) + —(20102)
40'1 40'2

T T
= 5 Né(dlK’dg%dlis)i (02 - 0102> + SzNé(devdedgg)i (01 - 0102>

2 g12

_ VT
—Ke " Nj(da 1k, do ok, d2,3K)7(01 + 02),

where we made use of
2 2 2
019 = 0] — 2p120102 + 05.
We may generalize this result as follows:

oC VT 0i0j VT 00
dpi; - SiNé(didezz'-s-pdEiJrz)T (Uj — J> +SjNé(de’d?j+17d?j+2)7 (Ui _ U»»J>
1] )

O04j

—r VT
—Ke " Ni(da, 1k, do2k do 35 - (o; + 0;).
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A.4. Vegas. Sensitivity of option price to volatilities, e.g. o1:

oac _ g ON3 8d1K@ ON3 Odyy D02y ON3 OdS5 Doy
doy " 0dix 907 901 | 0di, 002y Doi | Od), Doty don
8./\/3 8d"21 3(7%2 8/\/'3 6d§1 80’%3
ody, 0oy Doy ody, 0oy doy
_yr ON3 0dy 1k %

8d2,1K 60'% (90'1

+S55 + S3

—Ke

VT VT T
= S 4 d db db )} 9 _9 9 _q
1 N3(dig, diy, dis) 40y o1+ 4012( 01— 2p1202) + 4013( 01— 2p1303)
VT JT
+S5 Ni(dare, dyy, doyg) ——— (201 — 2p1202) + Ss Na(dsgc, dbyy, diy) —— (201 — 2p1303)
40’12 40_13
- JT
+Ke TTNé(dle,d2,2K,d2,3K)EQUl
1
T — _
= 5 Né(dlK’diizadii?,)i (1 y L p2g2 | A p1303)
2 012 J13
T oy — T o1 —
S0 N(darer iy i) YL TLZPI202 g pmig oy ) VT T P13
2 12 2 g13
_r VT
+Ke TNé(d2,1K,d2,2K,d2,3K)7-

Similarly for the vegas with respect to o2 and o3.
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